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A uni� ed approach is presented for nonlinearH2 , H 1 , and mixed H2 /H 1 attitude control of spacecraft systems,
with external disturbances and parameter perturbations considered. The design objective is to specify a controller
such that the quadratic optimal control performance H 1 or mixed H2 /H 1 performances can be achieved. It is
shown that these problems are special cases of the so-called two-player Nash differential game problem. An explicit
solution to the coupled Riccati-like equations of the nonlinear Nash game control problem can be obtained when
nonlinear minimax theory and linear-quadratic optimal control techniques are combined. Moreover, because of
the skew symmetric property of the spacecraft system and adequate choice of state variable transformation, these
problems can be reduced to solving two algebraic Riccati-like equations. Furthermore, a closed-form solution to
these two algebraic equations can be obtained with a very simple form for the preceding control designs. Finally,
three experimental simulationresults based on the ROCSAT-1 spacecraft system are presented to demonstrate the
effectiveness of the proposed design methods.
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h = total spacecraft angular momentum in body axes
[h1 h2 h3]T ; h D J!

J = inertia matrix
(o1; o2; o3) = the orbital coordinate reference
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P = weighting matrix of tracking error with respect to
the initial time

Q = weighting matrix of tracking error
Q f = weighting matrix of tracking error with respect to

the � nal time
Q1 = weighting matrix of tracking error for the H1

performance
Q1 f = weighting matrix of tracking error with respect to

the � nal time for the H1 performance
Q2 = weighting matrix of tracking error for the H2

performance
Q2 f = weighting matrix of tracking error with respect to

the � nal time for the H2 performance
r = � ltered link of tracking error
Sai = saturation value of the ith actuator output torque
T = state–space transformationmatrix
u = control torque vector
W = weighting matrix of control torque
W1 = weighting matrix of control torque for the H1

performance
W2 = weighting matrix of control torque for the H2

performance
w = compound of the system uncertainties
° = desired disturbance attenuation level
1J = perturbed part of inertia matrix
µ = attitude Euler angle [µ1 µ2 µ3]T

µr = reference trajectory of attitude Euler angle
[µr1 µr2 µr3]T

[º£] = cross-productmatrix associated with the vector
º D [º1 º2 º3]T ;

[º£] D

&
$

0 ¡º3 º2

º3 0 ¡º1

¡º2 º1 0

’
%

¿ a = torque vector due to actuator [¿a1 ¿a2 ¿a3]T

¿ aero = aerodynamic disturbance torque vector
¿ d = external disturbance torque vector
¿ g = gravity gradient torque vector
¿ solar = solar radiation pressure disturbance torque vector
Ä = the bounded region: fx 2 R3 j ¡¼=2 < µ2 < ¼=2g
! = general angular velocity vector in body axes

[!1 !2 !3]T

!0 = orbital rate

Introduction

T HE attitude control of spacecraft has received extensive at-
tention in recent decades, and several methods of spacecraft

attitudecontrolhavebeendevelopedto treat this problem.The feasi-
bility of applying the feedback linearizationtechnique to spacecraft
attitude control and the momentum management problem has been
discussed.1;2 Based on linearization by coordinate transformation
and nonlinear feedback, a controller for attitude control has also
been derived.3 A model reference adaptive control has been pre-
sented for large-angle rotational maneuvers of spacecraft systems.4

A sliding manifold approach5;6 as well as optimal control theory7¡9

have also been used for spacecraft attitude control. More relevant
to this study, the approach of H1 optimal control has been applied
to the space station attitude and momentum control problem while
the linearized equations of motion have been considered.10

Recently, along this line, Chen et al.11 developeda nonlinear H1
control design to treat the spacecraft attitude tracking problem un-
der parameter perturbation and external noise. A minimax theory
was used in this study to achieve the H1 tracking control design
so that the effect of the equivalent external disturbance on track-
ing error could be attenuated below a prescribed value ° . It has
been shown that11 the suf� cient condition for solvability is that the
weighting matrix W of the control variable must satisfy the con-
straint W < 2° 2 I . The solution is obviously not unique, and some
degrees of freedom are available for the constructionof the control
law. With this in mind, the question arises as to how to handle the

remainingdegreesof freedom. In this work, we use these remaining
degrees of freedom to achieve the H2 optimal tracking control of
spacecraft systems.

Over the past 10 years, mixed H2=H1 optimal control has been
studied for linear systems.12¡18 The main purpose of this type of
control is to design an H2 optimal control for the worst-case exter-
nal disturbance whose effects on system output must be attenuated
below a desired value (i.e., to design an H2 optimal control under
H1 disturbance attenuation constraint). A suf� cient condition for
the mixed H2=H1 control problem of nonlinear systems by use of
the Nash games theory was obtained by Chen et al.19 However, the
general solution for the nonlinear mixed H2=H1 control problem
has not yet been obtained.

Because nonlinear H2, H1, and mixed H2=H1 controls are im-
portant for the attitude tracking control of spacecraft systems under
parameter variations and external disturbances, a uni� ed approach
for these controls is proposed in this study to compare the per-
formances of these control methods and then to demonstrate the
excellent performance of the mixed H2=H1 control method. Each
of the H2 , H1 , and mixed H2=H1 control designs are cases of the
so-called two-player Nash differential game problems.20 Therefore
a pair of coupled time-varying Riccati-like equations must � rst be
solved to design any of these controllers. Next, two time-varying
coupled Riccati-like equations can be transformed into two corre-
sponding algebraic coupled Riccati-like equations by means of an
adequate choice of a state transformation and by use of the skew-
symmetric property of spacecraft systems. Then, through Cholesky
factorization,21 these two coupled algebraic Riccati equations can
be easily solved. Finally, with the special conditionsfor cases of the
Nash game problems, the simpli� ed H2 , H1, and mixed H2=H1
attitude tracking control laws for the perturbed spacecraft systems
are ultimately obtained.

Mathematical Model and Problem Formulation
Spacecraft Model

Consider a spacecraft moving in a circular orbit. The coordinate
systemsused in the attitudecontrol are shown in Fig. 1. The inertial-
� xed reference coordinates .e1; e2; e3/ with their origin at the cen-
ter of the Earth are used to determine the orbital position of the
spacecraft. The orbital coordinate reference .o1; o2; o3/ is rotating
about the o2 axis with respect to the inertial-� xed coordinatesystem
.e1; e2; e3/ at the orbital rate !0. The axes of this reference frame are
chosen such that the roll axis o1 is in the � ight direction, the pitch
axis o2 is perpendicular to the orbital plane, and the yaw axis o3

points toward the Earth. The last referencesystem used is the body-
� xed reference frame .b1; b2; b3/. The orientation of the spacecraft
with respect to the reference frame .o1; o2; o3/ is obtained, in this
work, by a yaw–pitch–roll .µ3–µ2–µ1 ) sequence of rotations. The

Fig. 1 Appearance of the ROCSAT-1 spacecraft and coordinate sys-
tems used in the spacecraft attitude control.
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origins of both orbit coordinates and body-� xed coordinates are at
the center of mass of the spacecraft.

The nonlinearequationsof motion, in terms of componentsalong
the body-�xed control axes, are given by the attitude kinematic
equation [Eq. (1)] and the spacecraft kinematic equation [Eq. (2)]
and can be written as22;23

! D R.µ/ Pµ ¡ !c.µ/ (1)

J P! D [h£]! C ¿ g C ¿ a C ¿ d (2)

where

R.µ/ D

&
$

1 0 ¡sin µ2

0 cosµ1 sin µ1 cos µ2

0 ¡sin µ1 cos µ1 cos µ2

’
%

!c.µ/ D !0

&
$

cos µ2 sin µ3

cos µ1 cos µ3 C sin µ1 sin µ2 sin µ3

¡sin µ1 cos µ3 C cos µ1 sin µ2 sin µ3

’
%

J D

&
$

J11 J12 J13

J21 J22 J23

J31 J32 J33

’
%

¿ g D 3!2
0 [c£]Jc with c D

&
$

¡sin µ2

sinµ1 cos µ2

cos µ1 cos µ2

’
%

and ¿ d D ¿ aero C ¿ solar.
Remark 1: If the control torque is limited by the saturation of

actuator, the spacecraft dynamics equation (2) is of the following
form:

J P! D [h£]! C ¿ g C ¿ a;sat C ¿ aero C ¿ solar (3)

where ¿ a;sat D [sat.¿ a1/ sat.¿ a2/ sat.¿ a3/]T and

sat.¿ ai/ D
Sai; ¿ ai ¸ Sai

¿ ai; j¿ aij < Sai; for i D 1; 2; 3
¡Sai; ¿ ai · ¡Sai

To apply the proposed design method, dynamic equation (3) can be
put into the form of Eq. (2) with ¿ d D ¿ aero C ¿ solar C ¿ a;sat ¡ ¿ a . In
this situation, the deviation ¿ a;sat ¡ ¿ a can be considered as a part
of the external disturbance.

Remark 2: This descriptionof Eq. (1) is de� ned for all .µ1; µ2; µ3/
except µ2 D §.2n C 1/¼=2 for any integer n. This singularity [i.e.,
thedeterminantofmatrix R.µ/ becomeszeroat µ2 D §.2n C 1/¼=2]
arises owing to the choice of the set of rotations that de� ne the
orientation of the spacecraft relative to the orbital frame. However,
when the orientation corresponding to the singularity µ2 D §¼=2
lies in the control region of attitude angles, another set of rotations
can be de� ned to eliminate this singularity.24 In this paper, we are
interested in the trajectories in the bounded region Ä.

DifferentiatingEq. (1) gives

P! D R.µ/ Rµ C d

dt
R.µ/ Pµ ¡ d

dt
!c.µ/ (4)

Substituting! and P! from Eqs. (1) and (4) into Eq. (2) and premul-
tiplying Eq. (4) by matrix RT .µ /, we obtain

M.µ/ Rµ C C.µ; Pµ/ Pµ C G.µ; Pµ/ D f C fd (5)

where

M.µ/ D RT .µ/J R.µ/

C.µ; Pµ/ D RT .µ/J
d

dt
R.µ/ ¡ RT .µ/[h£]R.µ/

G.µ; Pµ/ D ¡RT .µ/J
d
dt

!c.µ/ C RT .µ/[h£]!c.µ/

¡ 3!2
0 RT .µ/[c£]Jc

f D RT .µ/¿ a ; fd D RT .µ/¿ d

Note that Eq. (5) is linear in the inertia matrix J .
In practical spacecraft systems, however, perturbationsin system

parameters that are due to the � exible structure,unmodeleddynam-
ics, and the changeof the orientationof solar arrayson the spacecraft
are inevitable.Thus, the inertia matrix can be rewritten as10

J D J0 C 1J (6)

Therefore the parameter matrices in spacecraft model equation (5)
can be divided into nominal parts and perturbed parts, i.e.,

[h£] D [h0£] C [1h£] (7a)

M.µ/ D M0.µ/ C 1M.µ/ (7b)

C.µ; Pµ/ D C0.µ; Pµ/ C 1C.µ; Pµ/ (7c)

G.µ; Pµ/ D G0.µ; Pµ/ C 1G.µ; Pµ/ (7d)

where

h0 D J0!; M0 D RTJ0 R

C0 D RTJ0

³
d

dt
R

´
¡ RT [h0£]R

G0 D ¡RTJ0

³
d

dt
!c

´
C RT [h0£]!c ¡ 3!2

0 RT [c£]J0c

and

1h D .1J /!; 1M D RT .1J /R

1C D RT .1J /

³
d

dt
R

´
¡ RT [1h£]R

1G D ¡RT .1J /

³
d

dt
!c

´
C RT [1h£]!c ¡ 3!2

0 RT [c£].1J /c

Assumption: The nominal inertia matrix J0 is an exactly known
constantand is symmetricpositivede� nite. Moreover, the perturbed
inertia matrix 1J and external disturbance¿ d are both boundedbut
unknown.

With Eq. (7), differential equation (5) can be rewritten as

M0.µ/ Rµ C C0.µ; Pµ/ Pµ C G0.µ; Pµ/ D f C w (8)

where

w D fd ¡ [1M .µ/ Rµ C 1C .µ; Pµ/ Pµ C 1G.µ; Pµ/]

is the compoundof the system uncertaintiescaused by the effects of
the parameter variationof J and the equivalentexternal disturbance
fd . Under the above assumption, spacecraft system equation (8) has
the following properties:

Property 1: The matrix M0.µ/ is symmetric positive de� nite.
Property 2: The matrix

1

2

d

dt
M0.µ/ ¡ C0.µ; Pµ/

is skew symmetric,25 that is,

xT 1

2

d

dt
M0.µ/ ¡ C0.µ; Pµ/ x D 0 8x 2 R3 (9)
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Problem Formulation
In this paper, we develop an attitude trackingcontrol design. The

desired attitude reference trajectory is assumed to be available as
boundedfunctionsof time in terms of anglevectorµr 2 C2 (the class
of twice continuously differentiable functions), its corresponding
velocity vector Pµr , and acceleration vector Rµr .

De� ne the tracking error as follows:

e D:
PQµ
Qµ

D
Pµ ¡ Pµr

µ ¡ µr

(10)

Then, by Eqs. (8) and (10), the tracking error dynamic equation is
obtained as

Pe D
¡M¡1

0 .µ/C0.µ; Pµ/ 03 £ 3

I3 £ 3 03 £ 3

e

C ¡ Rµr ¡ M¡1
0 .µ/[C0.µ; Pµ/ Pµr C G0.µ; Pµ/]

03 £ 3

C
M¡1

0 .µ/.f C w/

03 £ 3

(11)

Since error dynamic equation (11) is complicated, it is not directly
applied in this study to the tracking control design. To simplify the
control formulation and the stability analysis, we de� ne the � ltered
link of trackingerror r.t/ and the state–space transformationmatrix
T as26

r.t/ D ¸
PQµ C 3 Qµ (12)

T D
T1

T2
D

T11 T12

03 £ 3 I3 £ 3
D

¸I3 £ 3 3

03 £ 3 I3 £ 3

(13)

for some positive scale ¸ and positive de� nite matrix 3 2 R3 £ 3,
whichare constantsandshouldbe adequatelydeterminedlater.Then
error dynamic equation (11) can be modi� ed as a compact form:

Pe D T ¡1
Pr.t/
PQµ.t/

D AT .e; t/e

C BT .e; t/f¸[¡F .e; t/ C f ]g C BT .e; t/d (14)

where

AT .e; t/ D T ¡1 ¡M¡1
0 .µ/C0.µ; Pµ/ 03 £ 3

.1=¸/I3 £ 3 ¡.1=¸/3
T

BT .e; t/ D T ¡1 BM¡1
0 .µ/

F.e; t/ D M0.µ/[ Rµr ¡ .1=¸/3
PQµ] C C0.µ; Pµ/[ Pµr ¡ .1=¸/3 Qµ]

C G0.µ; Pµ/; d D ¸w

with

B D
I3 £ 3

03 £ 3
(15)

If the following applied torque is selected,26

f D F.e; t/ C .1=¸/u (16)

then the tracking error dynamic equation, driven by the control
torque u, becomes

Pe D AT .e; t/e C BT .e; t/u C BT .e; t/d (17)

Formally, three problems that are considered in this paper for
nonlinear spacecraft system (17) can be stated as follows.

Problem1 (thenonlinearquadraticoptimalattitudetrackingcon-
trol problem): Consider the nonlinearspacecraft system of the form
of Eq. (17) without considering disturbance d (i.e., let d D 0 in our
design procedure). Given some weighting matrices Q and W , the

nonlinearquadraticoptimal attitude trackingcontrolproblemis said
to be solved if there exists an optimal control law u¤ that satis� es26

J .u¤; 0/ D min
u

J .u; d D 0/ D min
u

eT .t f /Q f e.t f /

C
t f

0

[eT .t/Qe.t/ C uT .t/Wu.t/] dt (18)

for all t f 2 [0; 1/ and for some positive de� nite matrix Q f D
QT

f > 0.
Problem 2 (the nonlinear H1 attitude trackingcontrol problem):

Consider the nonlinear spacecraft system (17). Given a desired dis-
turbance attenuation level ° > 0 and weighting matrices Q and W ,
the nonlinear H1 attitude tracking control problem is said to be
solved if there exists an H1 control law u that satis� es27;28

eT .t f /Q f e.t f / C
t f

0

[eT .t/Qe.t/ C uT .t/Wu.t/] dt

· eT .0/Pe.0/ C ° 2
t f

0

0dT .t/d.t/] dt (19)

for all d.t/ 2 L2[0; t f ], t f 2 [0; 1/, and for some positive de� nite
matrices Q f D QT

f > 0 and P D P T > 0, i.e., the attenuation level
of combined disturbances is guaranteed to be below a speci� ed
value ° .

Problem 3 (the nonlinear mixed H2=H1 attitude tracking con-
trol problem): Consider the nonlinearspacecraft system (17). Given
a desired disturbance attenuation level ° > 0 and weighting ma-
trices Q1, Q2 , W1 , and W2, the nonlinear mixed H2=H1 attitude
tracking control problem is said to be solved if there exists a con-
trol law u such that the following H2 (quadratic) optimal tracking
performance,12¡17

min
u.t/

eT .t f /Q2 f e.t f / C
t f

0

eT .t/Q2e.t/ C uT .t/W2u.t/ dt

(20)

can be achieved for all t f 2 [0; 1/ and for some positive de� nite
matrix Q2 f D QT

2 f > 0 under the following H1 optimal disturbance
rejection constraint:

eT .t f /Q1 f e.t f / C
t f

0

eT .t/Q1e.t/ C uT .t/W1u.t/ dt

· eT .0/Pe.0/ C ° 2
t f

0

dT .t/d.t/ dt (21)

for some positivede� nite matrices Q1 f D QT
1 f > 0 and P D PT > 0.

Uni� ed Design
In this section, we solve the spacecraft attitude tracking control

problems that are formulated in the preceding section. For this pur-
pose,we � rst consider the followingnonzero-sum,two-playerNash
differentialgame problem,28 which includesthe nonlinearquadratic
optimal control, H1 control, and mixed H2=H1 control problems
in it.19

The nonzero-sum, two-player Nash differential game problem:
Consider the nonlinear spacecraft attitude tracking control system
of the form in Eq. (17). Given some prescribed °1 > 0 and °2 > 0
and weighting matrices Q1 , Q2 , W1, and W2, then the nonzero-sum,
two-player Nash differential game problem is said to be solved if
there are Nash equilibriumstrategiesu¤.e; t/ such that the following
inequalities are satis� ed20:

J1[u¤.e; t/; d¤.e; t/] ¸ J1[u¤.e; t/; d] 8d 2 L2[0; t f ] (22)

J2[u¤.e; t/; d¤.e; t/] · J2[u; d¤.e; t/] 8u 2 L2[0; t f ] (23)
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where

J1.u; d/ D eT .t f /Q1 f e.t f /

C
t f

0

eT .t/Q1e.t/ C uT .t/W1u.t/ ¡ ° 2
1 dT .t/d.t/ dt (24)

J2.u; d/ D eT .t f /Q2 f e.t f /

C
t f

0

eT .t/Q2e.t/ C uT .t/W2u.t/ ¡ ° 2
2 dT .t/d.t/ dt (25)

for all t f 2 [0; 1/ and for some positive de� nite matrices Q1 f D
QT

1 f > 0 and Q2 f D QT
2 f > 0.

For the convenience of design, we take W1 D W2 D W through-
out this study. By using the standard technique of completing the
squares, we have the following useful lemma.

Lemma 1: For the nonlinear spacecraft attitude tracking control
system in Eq. (17), if the optimal control law and the worst-case
disturbance are chosen, respectively, as

u¤.e; t/ D ¡W ¡1 BT
T .e; t/P2.e; t/e.t/ (26a)

d¤.e; t/ D 1 ° 2
1 BT

T .e; t/P1.e; t/e.t/ (26b)

where P1.e; t/ and P2.e; t/ are the solutionsof the followingcoupled
time-varying Riccati-like equations,

PP1.e; t/ C P1.e; t/AT .e; t/ C AT .e; t/T P1.e; t/ C Q1

¡ [P1.e; t/BT .e; t/ P2.e; t/BT .e; t/]

£
¡1 ° 2

1 I3 £ 3 W ¡1

W ¡1 ¡W ¡1

BT .e; t/T P1.e; t/

BT .e; t/T P2.e; t/
D 0 (27)

PP2.e; t/ C P2.e; t/AT .e; t/ C AT .e; t/T P2.e; t/ C Q2

¡ [P1.e; t/BT .e; t/ P2.e; t/BT .e; t/]

£
° 2

2 ° 4
1 I3 £ 3 ¡1 ° 2

1 I3 £ 3

¡1 ° 2
1 I3 £ 3 W ¡1

BT .e; t/T P1.e; t/

BT .e; t/T P2.e; t/

D 0 (28)

P1[e.t f /; t f ] D Q1 f ; P2[e.t f /; t f ] D Q2 f

with P1.e; t/ D PT
1 .e; t/ > 0 and P2.e; t/ D PT

2 .e; t/ > 0, then Eqs.
(26a) and (26b) are such that inequalities (22) and (23) hold.

Proof: Let us � rst considerthe cost function J2.u; d/. It is obvious
that Eq. (25) can be rewritten as

J2.u; d/ D eT .t f /Q2 f e.t f /

C
t f

0

eT .t/Q2e.t/ C uT .t/Wu.t/ ¡ ° 2
2 dT .t/d.t/

C d
dt

eT .t/P2.e; t/ e.t/ dt ¡ eT .t f /P2[e.t f /; t f ]e.t f /

C eT .0/P2[e.0/; 0]e.0/ (29)

By the terminal condition in Eq. (28), we obtain

J2.u; d/ D eT .0/P2[e.0/; 0]e.0/

C
t f

0

eT .t/Q2e.t/ C uT .t/Wu.t/ ¡ ° 2
2 dT .t/d.t/

C PeT .t/P2.e; t/e.t/ C eT .t/ PP2.e; t/e.t/ C eT .t/P2.e; t/Pe.t/ dt

(30)

Substituting attitude tracking error dynamic equation (17) into
Eq. (30) leads to

J2.u; d/ D eT .0/P2[e.0/; 0]e.0/

C
t f

0

eT .t/ PP2.e; t/ C P2.e; t/AT .e; t/

C AT
T .e; t/P2.e; t/ C Q2 e.t/ C uT .t/Wu.t/

C uT .t/BT
T .e; t/P2.e; t/e.t/ C eT .t/P2.e; t/BT .e; t/u.t/

¡ ° 2
2 dT .t/d.t/ C dT .t/BT

T .e; t/P2.e; t/e.t/

C eT .t/P2.e; t/BT .e; t/d.t/ dt (31)

Thus, by theworst-casedisturbanced¤.e; t/ in Eq. (26b)andRiccati-
like equation (28), we have

J2[u; d¤.e; t/] D eT .0/P2[e.0/; 0]e.0/

C
t f

0

u.t/ C W ¡1 BT
T .e; t/P2.e; t/e.t/

T

£ W u.t/ C W ¡1 BT
T .e; t/P2.e; t/e.t/ dt (32)

which results in

J2[u¤.e; t/; d¤.e; t/] D eT .0/P2[e.0/; 0]e.0/ (33)

Then we have

J2[u¤.e; t/; d¤.e; t/] · J2[u; d¤.e; t/] 8u.t/ 2 L2[0; t f ]

Similarly, the cost function J1.u; d/ can be rewritten as

J1.u; d/ D eT .0/P1[e.0/; 0]e.0/

C
t f

0

eT .t/ PP1.e; t/ C P1.e; t/AT .e; t/

C AT
T .e; t/P1.e; t/ C Q1 e.t/ C uT .t/Wu.t/

C uT .t/BT
T .e; t/P1.e; t/e.t/ C eT .t/P1.e; t/BT .e; t/u.t/

¡ ° 2
1 dT .t/d.t/ C dT .t/BT

T .e; t/P1.e; t/e.t/

C eT .t/P1.e; t/BT .e; t/d.t/ dt (34)

It can be deduced from Riccati-like equation (27) and the optimal
control u¤.e; t/ in Eq. (26a) that

J1[u¤.e; t/; d] D eT .0/P[e.0/; 0]e.0/

¡
t f

0

°1d.t/ ¡ 1
°1

BT
T .e; t/P1.e; t/e.t/

T

£ °1d.t/ ¡ 1
°1

BT
T .e; t/P1.e; t/e.t/ dt (35)

Then we can conclude that

J1[u¤.e; t/; d¤.e; t/] D eT .0/P1[e.0/; 0]e.0/ ¸ J1[u¤.e; t/; d]

8d.t/ 2 L2[0; t f ]
QED

As a result of Lemma 1, three cases can be obtained in the fol-
lowing theorems.

Theorem1 (thenonlinearquadraticoptimalattitudetrackingcon-
trol): For the nonlinear spacecraft attitude tracking control system
in Eq. (17) with d D 0, the optimal control law,

u¤.e; t/ D ¡W ¡1 BT
T .e; t/P.e; t/e.t/ (36)
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can solvenonlinearquadraticoptimalattitudetrackingcontrolprob-
lem (18) if P.e; t/ satis� es the following time-varying Riccati-like
equation:

PP.e; t/ C P.e; t/AT .e; t/ C AT .e; t/T P.e; t/ C Q

¡ P.e; t/BT .e; t/W ¡1 BT
T .e; t/P.e; t/ D 0 (37)

with P.e; t/ D PT .e; t/ ¸ 0 and Q f D P[e.t f /; t f ].
Proof: Let °1 ! 1, °2 D 0, Q1 f D Q2 f D Q f , and Q1 D Q2 D Q

in Lemma 1. In this case, we have d¤ ! 0 and ° 2
1 d¤T d¤ ! 0. Then,

from Eqs. (27) and (28), we have P1.e; t/ D P2.e; t/ D P.e; t/,
which satis� es Eq. (37). Then the cost function in Problem 1 is
obtained as the following:

J .u; 0/ D J1.u; 0/ D J2.u; 0/

D eT .0/P[e.0/; 0]e.0/ C
t f

0

eT .t/ PP.e; t/

C P.e; t/AT .e; t/ C AT
T .e; t/P.e; t/ C Q e.t/

C uT .t/Wu.t/ C uT .t/BT
T .e; t/P.e; t/e.t/

C eT .t/P.e; t/BT .e; t/u.t/ dt (38)

By Riccati-like equation (37), we obtain

J .u; 0/ D eT .0/P[e.0/; 0]e.0/

C
t f

0

u.t/ C W¡1 BT
T .e; t/P.e; t/e.t/

T

£ W u.t/ C W ¡1 BT
T .e; t/P.e; t/e.t/ dt (39)

Then we can conclude that

J [u¤.e; t/; 0] D min
u.t/ 2 L2[0;t f ]

J .u; 0/ D eT .0/P[e.0/; 0]e.0/ (40)

This is the H2 control performance in Eq. (18). QED
Theorem 2 (the nonlinear H1 attitude tracking control): For the

nonlinearspacecraftattitude trackingcontrol system in Eq. (17), the
H1 control law

u.e; t/ D ¡W ¡1 BT
T .e; t/P.e; t/e.t/ (41)

solvesnonlinear H1 attitudetrackingcontrolproblem(19) if P.e; t/
satis� es the following time-varying Riccati-like equation:

PP.e; t/ C P.e; t/AT .e; t/ C AT .e; t/T P.e; t/ C Q

¡P.e; t/BT .e; t/[W ¡1 ¡ .1=° 2/I ]BT
T .e; t/P.e; t/ D 0 (42)

with P.e; t/ D PT .e; t/ ¸ 0 and Q f D P[e.t f /; t f ].
Proof: Let °1 D °2 D ° , Q1 f D Q2 f D Q f , and Q1 D Q2 D Q in

Lemma 1. Then we get P1.e; t/ D P2.e; t/ D P.e; t/, which satis� es
Eq. (42). Moreover, we have the following performance:

J [u¤.e; t/; d] · J [u¤.e; t/; d¤.e; t/] · J [u; d¤.e; t/] (43)

where

J .u; d/ D eT .t f /Q f e.t f /

C
t f

0

[eT .t/Qe.t/ C uT .t/Wu.t/ ¡ ° 2dT .t/d.t/] dt (44)

Then, by the fact that

J [u¤.e; t/; d¤.e; t/] D eT .0/P[e.0/; 0]e.0/ (45)

inequality (43) results in the H1 attitude tracking performance of
expression (19). QED

Theorem 3 (the nonlinear mixed H2=H1 attitude tracking con-
trol): For the nonlinear spacecraft attitude tracking control system

in Eq. (17), if the optimal control law u¤.e; t/ and the worst case
disturbance d¤.e; t/ are chosen, respectively, as

u¤.e; t/ D ¡W¡1 BT
T .e; t/P2.e; t/e.t/ (46a)

d¤.e; t/ D .1=° 2/BT
T .e; t/P1.e; t/e.t/ (46b)

where P1.e; t/ and P2.e; t/ are the solutionsof the followingcoupled
time-varying Riccati-like equations,

PP1.e; t/ C P1.e; t/AT .e; t/ C AT .e; t/T P1.e; t/ C Q1

¡ [P1.e; t/BT .e; t/ P2.e; t/BT .e; t/]

£
.¡1=° 2/I W ¡1

W ¡1 ¡W ¡1

BT .e; t/T P1.e; t/

BT .e; t/T P2.e; t/
D 0 (47)

PP2.e; t/ C P2.e; t/AT .e; t/ C AT .e; t/T P2.e; t/ C Q2

¡ [P1.e; t/BT .e; t/ P2.e; t/BT .e; t/]

£
03 £ 3 .¡1=° 2/I3 £ 3

.¡1=° 2/I3 £ 3 W ¡1

BT .e; t/T P1.e; t/

BT .e; t/T P2.e; t/
D 0

(48)
P1[e.t f /; t f ] D Q1 f ; P2[e.t f /; t f ] D Q2 f

with P1.e; t/ D P T
1 .e; t/ ¸ 0 and P2.e; t/ D P T

2 .e; t/ ¸ 0, the non-
linear mixed H2=H1 attitude tracking control problem (20) under
relation (21) is solved by Eqs. (46a) and (46b).

Proof:Take°1 D ° and °2 D 0 in Lemma 1. Then it followsthat in-
equality(22) results in the performanceof relation(21) and inequal-
ity (23) results in the performanceof expression (20). Therefore we
conclude that the nonlinear mixed H2=H1 attitude tracking control
problem is solved by u¤.e; t/ and d¤.e; t/ in Eqs. (46a) and (46b),
in which P1.e; t/ and P2.e; t/ are simultaneously the solutions of
Eqs. (47) and (48). QED

Remark 3: From the proofs of Theorems 1, 2, and 3, the nonlinear
quadratic optimal control, H1 control, and mixed H2=H1 attitude
tracking control problems of spacecraft dynamic systems are spe-
cial cases of the nonzero-sum, two-player Nash differential game
problem, as shown in the following.

Case 1: The nonlinearquadraticoptimal attitude tracking control
problem:

°1 ! 1; °2 D 0; Q1 f D Q2 f D Q f ; Q1 D Q2 D Q

Case 2: The nonlinear H1 attitude tracking control problem:

°1 D °2 D °; Q1 f D Q2 f D Q f ; Q1 D Q2 D Q

Case 3: The nonlinear mixed H2=H1 attitude tracking control
problem:

°1 D °; °2 D 0

Therefore the nonlinear H2 , H1 , and mixed H2=H1 attitude
tracking control of spacecraft dynamic systems can have a uni� ed
designed procedure by means of the Nash game approach. In this
situation, the key design issue lies in how to solve simultaneous
Riccati-like equations (27) and (28) or their special cases, Eq. (37)
in H2 control, Eq. (42) in H1 control, and Eqs. (47) and (48) in
mixed H2=H1 control.

Solution of the Nonlinear Time-Varying
Riccati Equations

Based on the analysis in the preceding section, our design prob-
lem is reduced to solving time-varying Riccati-like equation (37)
for H2 tracking control, Eq. (42) for H1 tracking control, and
Eqs. (47) and (48) for mixed H2=H1 tracking control. For a uni� ed
approach, we � rst consider original coupled time-varying Riccati-
like equations (27) and (28) in Lemma 1. In general, however, it is
dif� cult to solve coupled time-varying Riccati-like equations (27)
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and (28). Fortunately,in a spacecraftsystem,we can further simplify
Riccati-like equations (27) and (28) to algebraic matrix equations
by adequatelyselecting the nonlinear functionmatrices P1.e; t/ and
P2.e; t/ and by using the skew symmetric property of Eq. (9).

Because state transformation equation (13) has been involved in
the process of design,without loss of generality,we suggest that the
solutions P1.e; t/ and P2.e; t/ of coupledRiccati-likeequations(27)
and (28) can be put in more explicit forms, such as the following:

P1.e; t/ D T T
M0.e; t/ 03 £ 3

03 £ 3 K1
T (49a)

P2.e; t/ D T T
M0.e; t/ 03 £ 3

03 £ 3 K2
T (49b)

where K1 and K2 are some positive de� nite symmetric constant
matrices. In the followingparagraphs,it is demonstratedthat, under
some conditions, these suggestedmatrices P1.e; t/ and P2.e; t/ are
the solutions of Riccati-like equations (27) and (28). Furthermore,
the constant matrices T , K1, and K2 can be solved from a pair of
coupled algebraic Riccati-like equations.

Consider the second and the third terms on the left-hand side
of Riccati-like equations (27) and (28). Using the skew-symmetric
property in Eq. (9) and the relations (49a) and (49b), we get

P1.e; t/AT .e; t/ C AT
T .e; t/P1.e; t/

D
03 £ 3 K1

K1 03 £ 3
C T T ¡ PM0.e; t/ 03 £ 3

03 £ 3 03 £ 3

T (50)

P2.e; t/AT .e; t/ C AT
T .e; t/P2.e; t/

D
03 £ 3 K2

K2 03 £ 3
C T T ¡ PM0.e; t/ 03 £ 3

03 £ 3 03 £ 3

T (51)

It can also be easily checked that

BT
T .e; t/P1.e; t/ D BT T; BT

T .e; t/P2.e; t/ D BT T (52)

By using the results of Eqs. (50–52), we can reduce coupled
Riccati-like equations (27) and (28) to the following coupled alge-
braic Riccati-like equations:

03 £ 3 K1

K1 03 £ 3
C Q1 ¡ T T B

³
W ¡1 ¡ 1

° 2
1

I3 £ 3

´
BT T D 0 (53)

03 £ 3 K2

K2 03 £ 3
CQ2 ¡T T B

³
W ¡1 ¡ 2

° 2
1

I3 £ 3 C
° 2

2

° 4
1

I3 £ 3

´
BT T D 0

(54)

In addition, the optimal control law and the worst-case disturbance
u¤.e; t/ and d¤.e; t/, respectively, can be rewritten as

u¤.e; t/ D ¡W ¡1 BT T e; d¤.e; t/ D 1 ° 2
1 BT T e (55)

From the preceding analysis, matrices P1.e; t/ and P2.e; t/ in
Eqs. (49a) and (49b) will be the solutions of coupled Riccati-like
equations (27) and (28) if matrices K1 , K2 , and T satisfy coupled
algebraic Riccati-like Eqs. (53) and (54) simultaneously. Further-
more, the positive de� nite symmetric property of K1 and K2 must
be satis� ed. To guarantee the solvability, further assumptions and
constraints on the weighting matrices Q1, Q2 , and W are required.

For the simplicity of design, let

W D a2 I3 £ 3; Q2 D ®Q1 (56)

where ® > 0, a > 0, and the positive de� nite symmetric matrix Q1

can be factorized by Cholesky factorization21 as

Q1 D
QT

11 Q11 Q12

QT
12 QT

22 Q22

(57)

Using the de� nitions of T and B in Eqs. (13) and (15) together
with assumptions (56) and (57), we can split coupled Riccati-like
equations (53) and (54) into the following equations:

QT
11 Q11 ¡

° 2
1 ¡ a2

a2° 2
1

T T
11T11 D 0 (58)

K1 C Q12 ¡
° 2

1 ¡ a2

a2° 2
1

T T
11T12 D 0 (59)

K1 C QT
12 ¡

° 2
1 ¡ a2

a2° 2
1

T T
12T11 D 0 (60)

QT
22 Q22 ¡

° 2
1 ¡ a2

a2° 2
1

T T
12T12 D 0 (61)

®QT
11 Q11 ¡

° 4
1 ¡ a2 2° 2

1 ¡ ° 2
2

a2° 4
1

T T
11T11 D 0 (62)

K2 C ®Q12 ¡
° 4

1 ¡ a2 2° 2
1 ¡ ° 2

2

a2° 4
1

T T
11T12 D 0 (63)

K2 C ®QT
12 ¡

° 4
1 ¡ a2 2° 2

1 ¡ ° 2
2

a2° 4
1

T T
12T11 D 0 (64)

®QT
22 Q22 ¡

° 4
1 ¡ a2 2° 2

1 ¡ ° 2
2

a2° 4
1

T T
12T12 D 0 (65)

From Eqs. (58) and (61), the submatricesT11 and T12 can be obtained
as

T11 D
a°1

° 2
1 ¡ a2

Q11; T12 D
a°1

° 2
1 ¡ a2

Q22 (66)

But, from Eqs. (62) and (65), matrices T11 and T12 are obtained as

T11 D
a

p
®° 2

1

° 4
1 ¡ a2 2° 2

1 ¡ ° 2
2

Q11 (67a)

T12 D
a

p
®° 2

1

° 4
1 ¡ a2 2° 2

1 ¡ ° 2
2

Q22 (67b)

To guarantee the solvability of this problem, the following con-
straints must be satis� ed:

0 < a < °1; 0 < a <
° 2

1

2° 2
1 ¡ ° 2

2

if °1 >
°2p

2
(68)

Moreover, to guarantee the unique solutions of T11 and T12, from
Eqs. (66) and (67) we have the following relation:

® D
° 4

1 ¡ a2 2° 2
1 ¡ ° 2

2

° 4
1 ¡ a2° 2

1

or a D
1 ¡ ®

.2 ¡ ®/° 2
1 ¡ ° 2

2

° 2
1

(69)
Hence we have

T D
a°1

° 2
1 ¡ a2

Q11
a°1

° 2
1 ¡ a2

Q22

03 £ 3 I3 £ 3

(70)

To satisfy T11 D ¸I3 £ 3 in Eq. (13), the weighting matrix Q11 in
Eq. (57) must be a diagonal form, that is,

Q11 D q11 I3 £ 3 (71)

for some positive scale q11, and the scale ¸ can be represented as

¸ D
a°1q11

° 2
1 ¡ a2

(72)
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Fig. 2 Moments of inertia and the products of inertia of the ROCSAT-1 spacecraft at its nominal circular orbit environment.

Fig. 3 External disturbances ¿aero and ¿solar of the ROCSAT-1 spacecraft at its nominal circular orbit environment.

Furthermore,substitutingEq. (70) into Eqs. (59) and (60), we obtain

K1 D QT
11 Q22 ¡ Q12 > 03 £ 3 (73)

which must be a positivede� nite symmetric matrix. Similarly, from
Eqs. (63) and (64), we have

K2 D ®K1 (74)

From the preceding analysis, a solution to the nonzero-sum,
two-player Nash differential game problem is concluded in Corol-
lary 1.

Corollary 1: Given some desired levels °1 > 0 and °2 > 0, let the
weighting matrix Q1 > 0 be taken as in Eq. (57), with Q11, Q22,

and Q12 satisfying the requirements in Eqs. (71) and (73) and the
weighting matrix Q2 > 0 be taken as in Eq. (56) with 0 < ®. If the
weighting matrix W is of the form in Eq. (56), with a satisfying
Eqs. (68) and (69), then the nonzero-sum, two-player Nash differ-
ential game problem is solved by the following optimal control law
and worst-case disturbance:

u¤ D ¡ °1

a ° 2
1 ¡ a2

[Q11 Q22]e (75a)

d¤ D
a

°1 ° 2
1 ¡ a2

[Q11 Q22]e (75b)
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From Corollary 1 and the results in Remark 4, three more Corol-
laries are obtained.

Corollary 2 (the nonlinear quadratic optimal attitude tracking
control): Let the weighting matrix W be of the form in Eq. (56) for
any � nite a > 0 and allow the weighting matrix Q > 0 to be further
taken as

Q D
QT

11 Q11 Q12

QT
12 QT

22 Q22

(76)

with Q11, Q22 , and Q12 satisfying the requirements in Eqs. (71) and
(73). Then the nonlinearquadraticoptimal spacecraftattitudetrack-
ing control problem is solved by the following optimal controller:

u¤ D ¡.1=a/[Q11 Q22]e (77)

Corollary3 (the nonlinear H1 attitudetrackingcontrol): Given a
desireddisturbanceattenuationlevel° > 0, let the weightingmatrix
W be of the form in Eqs. (56)with 0 < a < ° andallow theweighting
matrix Q > 0 to be taken as in Eq. (76) with Q11 , Q22 , and Q12

satisfyingthe requirementsin Eqs. (71) and (73). Then the nonlinear
H1 spacecraft attitude tracking control problem is solved by the
following H1 controller:

u D ¡
°

a ° 2 ¡ a2
[Q11 Q22]e (78)

Corollary 4 (the nonlinear mixed H2=H1 attitude tracking con-
trol): Given a desired disturbance attenuation level ° > 0, let the
weighting matrix Q1 > 0 be taken as in Eq. (57), with Q11, Q22,
and Q12 satisfying the requirements in Eqs. (71) and (73), and the
weighting matrix Q2 > 0 be taken as in Eq. (56) with 0 < ® < 1. If
the weighting matrix W is of the form in Eq. (56), with a satisfying

a D .1 ¡ ®/=.2 ¡ ®/° (79)

and 0 < a < ° =
p

2, then the nonlinear mixed H2=H1 spacecraft
attitude tracking control problem is solved by the following mixed
H2=H1 controller and the worst-case disturbance:

u¤ D ¡ °

a ° 2 ¡ a2
[Q11 Q22]e (80a)

d¤ D
a

° ° 2 ¡ a2
[Q11 Q22]e (80b)

Design Algorithm
Based on the precedingdiscussion,the spacecraftattitude control

design can be outlined as the following design algorithms.

Nonlinear Quadratic Optimal Attitude Tracking Control
Design Algorithm

Step 1: Select the weighting matrix W D a2 I3 £ 3 such that a > 0
and the weighting matrix

Q D
QT

11 Q11 Q12

QT
12 QT

22 Q22

with Q11 D q11 I3 £3 > 0 and QT
11 Q22 ¡ Q12 D QT

22 Q11 ¡ QT
12 > 03 £ 3.

Step 2: Obtain the correspondingoptimal applied torque:

¿ a D R¡T .µ/f D R¡T .µ/[F .e; t/ C .1=¸/u] (81)

where

F.e; t/ D M0.µ/[ Rµr ¡ .Q22=q11/
PQµ]

C C0.µ; Pµ/[ Pµr ¡ .Q22=q11/ Qµ] C G0.µ; Pµ/

¸ D aq11; u D ¡.1=a/[Q11 Q22]e

Nonlinear H 1 Attitude Tracking Control Design Algorithm
Step 1: Choose a desired level of disturbance attenuation,° > 0.
Step 2: Select the weighting matrix W D a2 I3 £ 3 such that 0 <

a < ° and the weighting matrix

Q D
QT

11 Q11 Q12

QT
12 QT

22 Q22

with Q11 D q11 I3 £3 > 0 and QT
11 Q22 ¡ Q12 D QT

22 Q11 ¡ QT
12 > 03 £3 .

Step 3: Obtain the corresponding H1 applied torque:

¿ a D R¡T .µ/f D R¡T .µ/[F .e; t/ C .1=¸/u] (82)

Fig. 4 Attitude angles: ¢ ¢ ¢ ¢ , H2 , a = 0.5; –¢ – , H 1 , ° = 0.5, a =
0.425; – – –, mixed H2 /H 1 , ° = 0.5, ® = 0.5; and ——, desired attitude
trajectory.
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Fig. 5 Attitude angle rates: ¢ ¢ ¢ ¢ , H2 , a = 0.5; –¢ – , H 1 , ° = 0.5, a =
0.425; – – – , mixed H2 /H 1 , ° = 0.5, ® = 0.5; and ——, desired attitude
trajectory.

where

F.e; t/ D M0.µ/

³
Rµr ¡

Q22

q11

PQµ
´

C C0.µ; Pµ/

³
Pµr ¡

Q22

q11

Qµ
´

C G0.µ; Pµ/

¸ D
a° q11

° 2 ¡ a2
; u D ¡ °

a ° 2 ¡ a2
[Q11 Q22]e

Nonlinear Mixed H2 /H 1 Attitude Tracking Control Design Algorithm
Step 1: Choose a desired level of disturbance attenuation,° > 0.

Fig. 6 Steady-state response of attitude angles: ¢ ¢ ¢ ¢ , H2 , a = 0.5;
–¢ – , H 1 , ° = 0.5, a = 0.425; – – – , mixed H2 /H 1 , ° = 0.5, ® = 0.5;
and ——, desired attitude trajectory.

Step 2: Select the weighting matrices,

Q1 D
QT

11 Q11 Q12

QT
12 QT

22 Q22

with Q11 D q11 I3 £ 3 > 03 £ 3, QT
11 Q22 ¡ Q12 D QT

22 Q11 ¡ QT
12 > 03 £ 3,

and Q2 D ®Q1, where 0 < ® < 1 and W D a2 I3 £ 3 such that

a D .1 ¡ ®/=.2 ¡ ®/° ; 0 < a < °
p

2

Step 3: Obtain the correspondingmixed H2=H1 applied torque:

¿ a D R¡T .µ/f D R¡T .µ/[F .e; t/ C .1=¸/u] (83)
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where

F.e; t/ D M0.µ/

³
Rµr ¡

Q22

q11

PQµ
´

C C0.µ; Pµ/

³
Pµr ¡

Q22

q11

Qµ
´

C G0.µ; Pµ/

¸ D
a° q11

° 2 ¡ a2
; u D ¡ °

a ° 2 ¡ a2
[Q11 Q22]e

Simulation Results
To substantiate the performance of the controller design, exper-

imental simulations on the ROCSAT-1 spacecraft (see Fig. 1) have
been made with the assistance of the National Space Program Of-
� ce in Taiwan. The useful data for the ROCSAT-1 spacecraft at its
nominal 600-km circular orbit environment are

!0 D 0:0011 rad/s

J0 D

&
$

126:98 ¡1:87 3:38

¡1:87 116:63 ¡2:40

3:38 ¡2:40 209:36

’
% kg ¢ m2

The solar arrays are designed to point toward the sun as much
as possible; the practical parameter variation of the moments of
inertia Jii and the products of inertia Ji j .i 6D j; i; j D 1; 2; 3/
when the spacecraft orbits a cycle are presented in Fig. 2.
The external disturbances ¿ aero and ¿ solar in the body frame
are presented in Fig. 3. These data are generated by a simu-
lator according to certain practical parameter variations and ex-
ternal disturbances of the ROCSAT-1 spacecraft at its nomi-
nal circular orbit enviroment. We consider that the spacecraft,
initially at µ.0/ D .¼=90; ¼=90; ¼=90/T and Pµ.0/ D .0; 0; 0/T , is
required to track a hypothetical desired attitude trajectory of
the form Rµr C Kº

Pµr C K pµr D Kr Ur , with the initial conditions
µr .0/ D .¼=180; ¼=180; ¼=180/T and Pµr .0/ D .0; 0; 0/T , as well
as the coef� cient matrices Kº D 0:16I3 £ 3 , K p D 0:0064I3 £ 3, and
Kr D I3 £ 3, so that µr is a form of overdamping trajectory and is
driven by the signal Ur D .0; 0; 0/T for all t . Moreover, for the
ROCSAT-1 spacecraft,theoutputtorquevectorof the reactionwheel
is limited in amplitude because of saturation. Thus we set the satu-
ration values Sai D 0:015 N ¢ m, i D 1; 2; 3, in Eq. (3).

Simulation 1
To compare the ability for uncertainty attenuation of these pro-

posed methods, three cases of control are considered:quadratic op-
timal attitude tracking control, H1 attitude tracking control, and
mixed H2=H1 attitude trackingcontrol. The simulation parameters
are selected as follows:

Case 1, quadratic optimal attitude tracking control: Select

a D 0:5; Q D I6 £ 6

Fig. 7 Attitude tracking performances: ¢ ¢ ¢ ¢ , H2, a = 0.5; –¢ –, H 1 ,
° = 0.5, a = 0.425; and – – – , mixed H2 /H 1 , ° = 0.5, ® = 0.5.

Case 2, H1 attitude tracking control: Select

° D 0:5; a D 0:425; Q D I6 £ 6

Case 3, mixed H2=H1 attitude tracking control: Select

° D 0:5; Q D I6 £ 6; ® D 0:5

Then a D 0:5=
p

3.
By means of the correspondingapplied torques in Eqs. (81), (82),

and (83) for the preceding three cases, respectively, the simulation
results are shown in Figs. 4–8. The tracking attitude angles µ1 , µ2,
and µ3 are represented in Fig. 4. The trackingattitude angle rates Pµ1,
Pµ2, and Pµ3 are depicted in Fig. 5. As the results of these three pro-
posed methods reveal, the mixed H2=H1 attitude tracking control
causesquickerdecayresponsesand has the superiorability to dimin-
ish the effects of parameter perturbationsand external disturbances.
This result can be expected from the fact that the mixed H2=H1
attitude tracking controller is designed to achieve the H2 optimal

Fig. 8 Applied torques ¿ 2(t): ¢ ¢ ¢ ¢ ¢ , H2, a = 0.5; –¢ – , H 1 , ° = 0.5,
a = 0.425; and – – – , mixed H2/H 1 , ° = 0.5, ® = 0.5.
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control under an H1 disturbance attenuation constraint. Further-
more, the H2 controller causes the fewest disturbance attenuation
abilities among the three methods (with respect to slower decay
responses). This is reasonable because the H2 control is designed
without consideration of the combined disturbances and therefore
does not, in general, guarantee any robust performance in the face
of combined disturbance. The simulation result in Fig. 6 shows the
steady-state response of tracking attitude angles µ1 , µ2 , and µ3 over
t D 3000 s. It can be found that the effects of external disturbances

Fig. 9 Attitude angles:¢ ¢ ¢ ¢ , mixed H2 /H 1 , ° = 0.9,® = 0.5; –¢ – , mixed
H2 /H 1 , ° = 0.7, ® = 0.5; – – – , mixed H2 /H 1 , ° = 0.5, ® = 0.5; and – – –,
desired attitude trajectory.

Fig. 10 Attitude tracking performances: ¢ ¢ ¢ ¢ ¢ , mixed H2/H 1 , ° =
0.9, ® = 0.5; –¢ – , mixed H2 /H 1 , ° = 0.7, ® = 0.5; and – – – , mixed
H2 /H 1 , ° = 0.5, ® = 0.5.

to the tracking errors are negligible after t D 200 s, even when the
external disturbancesare at a maximum at t D 3000 s. The tracking
performances

t f

0

eT .t/Qe.t/ dt

are plotted in Fig. 7. These simulation results show that the tracking
performance caused by the H1 attitude tracking controller is better
than the tracking performance of H2 control and worse than the
tracking performanceof mixed H2=H1 control. The applied torque
¿ 2 is represented in Fig. 8. In these results, we can � nd that the
chattering of control signals rises when tracking errors decay to
zero. This phenomenon is inevitable because the nonlinear terms
of the controllers in Eqs. (81), (82), or (83) have periodic behavior.
Therefore the effect of the combined disturbance w.t/ turns into
chatteringof the control signalswhen trackingerrors approachzero.

Simulation 2
To illustratethe robust capabilityof disturbanceattenuationof the

proposed mixed H2=H1 control design, the control law in Eq. (83)
is deliberatelydesigned to possess the following three differentdis-
turbance attenuation levels:

Case 1: Select ° D 0:9,Q1 D I6 £ 6, and ® D 0:5. Then a D 0:9=p
3.
Case 2: Select ° D 0:7,Q1 D I6 £ 6, and ® D 0:5. Then a D 0:7=p
3.
Case 3: Select ° D 0:5,Q1 D I6 £ 6, and ® D 0:5. Then a D 0:5=p
3.
The simulation resultsare shown in Figs. 9 and 10 for the tracking

attitude angles and the tracking performances

t f

0

eT .t/Qe.t/ dt

respectively.It is obviously that a smaller° may yield a better track-
ing performance in attenuating the effect of combined disturbances
w.t/.

Conclusion
This paper presents, from a uni� ed perspective, three nonlinear

attitude control methods for spacecraft systems. They are quadratic
optimal attitude tracking control, H1 attitude tracking control, and
mixed H2=H1 attitude tracking control. All of these control prob-
lems are shown to be special cases of the so-called two-player Nash
differential game problem, for which two coupled time-varying
Riccati-likeequationsmust be solved.Unlike the conventionalnon-
linear H2 , H1, or mixed H2=H1 control methods for solving the
partial differential equation, general solutions can be obtained by
the proposed methods by means of skew-symmetric property and
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state transformation techniques. According to simulation results,
the mixed H2=H1 attitude tracking control has an excellent ability
to diminish the effects of parameter perturbationsand external dis-
turbances in these three proposed methods and at the same time to
achieverobust trackingperformancein perturbedspacecraftattitude
control systems. Moreover, a desired disturbance attenuation level
can be achieved if an adequate weighting matrix in the control algo-
rithm has been selected. From the experimental simulation results
on the ROCSAT-1 spacecraftsystem, the proposeddesignalgorithm
exhibits signi� cant advantages for the attitude tracking control of a
spacecraft under time-varying plant perturbation and large external
disturbance.
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